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The following matrix theorem was obtained by Lyapuuov in connec- 
tion with differential equations (cf. [I], [Z]). 
Let A be a real n x n matrix. Then a real symmetric positive definite 
G exists such that 
AG+GA’= --I (1) 
if and only if A is stable, i.e. if the real parts of the eigen zlalties of A aEre 
negative. 
Proofs of this theorem using matrix theory only are given in [2] 
and [3]. The existence of a unique symmetric matrix solution of (1) 
without the assumption of positive definiteness was also established, 
e.g., in [2]. 
Here it is shown that Lyapunov’s theorem is equivalent to the following 
theorem. 
THEOREM. Let X be a real n x n matrix which is the sum of a negative 
scalar matrix and a skew-symmetric matrix. Let D be a real diagonal 
matrix. Then XD is stable if and only if all diagonal elements of D are 
positive. 
Proof of the eyuivalence. Assume firstly, that this theorem is proved. 
It can then be shown that Lyapunov’s theorem is a consequence of it. 
This has to be shown in two parts. Assume that A is stable and let us 
show that G is then positive definite. A symmetric G can certainly be 
found to satisfy (1). Apply then an orthogonal similarity transformation 
to both sides of (1) which transforms G into diagonal form 
106 ‘I-.illSSK~ 
Let A be transformed into A, (which is also stable) and denote its elements 
This implies that 
a$ gk .+ ag) g, z-z - &. 
For ?: = h, we have 
&’ gi = - 1 
from which it follows that all aif) # 0, and all gi # 0. 
For i # K, we have 
Uik zrz - & * &#‘. (1) 
(4 
(3) 
(4) 
Replace now A, by A, D, where D is the inverse of the diagonal matrix 
Then A, is the sum of the scalar matrix -- I and a skew symmetric matrix. 
On the other hand 
1 g1 lj 
D:i .*. ~1 =+&I. 
!I gn I 
Since A, is obviously again a stable matrix, the matrix D is by assump- 
tion positive, hence by (3) all gi > 0, hence G is positive definite. Now 
assume conversely, that G is positive definite, and it will follow that A, 
is stable. If G is positive, the numbers g, are positive, hence all diagonal 
elements in D and its inverse are positive. Since A, is obviously stable 
it then follows by assumption that A, is stable. 
The same arguments show that the theorem is a consequence of 
Lyapunov’s theorem. 
Remark 1. Analogous facts can be proved for matrices whose eigen- 
values have positive real parts if the right hand side of (1) is replaced by I. 
A REMARK ON A THEOREM OF LYAPUNOV 107 
Remark 2. The theorem concerns a class of stable real matrices A 
which remain stable when going from A to AD, where D is diagonal, 
precisely when D is positive. Another such class is the set of stable matrices 
with nonnegative off-diagonal elements, and negative diagonal elements, 
see [4]. Yet another class is discussed in [5j. This class contains the 
class discussed in our theorem and so a direct proof of our theorem is 
included in [5]. This class consists of the n x n real matrices A for 
which all expressions x’ Ax ( 0 where x is any real nonzero n-vector. 
An easy computation shows that these matrices coincide with the 
matrices for which all expressions %‘Ax have a negative real part where 
x is a nonzero u-vector. The proof of our theorem shows that every real 
stable matrix is orthogonally similar to a matrix of this type. 
Remark 3. If the expression AG + GA’ is interpreted as a “quasi” 
Jordan product of the matrices A and G then Lyapunov’s theorem can 
be formulated as a theorem on “inverses” of certain matrices. 
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